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Abstract

We first introduce the concept of Y g,ξ-submartingale systems, where the nonlinear

operator Y g,ξ corresponds to the first component of the solution of a reflected BSDE

with generator g and lower obstacle ξ. We first show that, in the case of a left-limited

right-continuous obstacle, any Y g,ξ-submartingale system can be aggregated by a pro-

cess which is right-lower semicontinuous. We then prove a Mertens decomposition, by

using an original approach which does not make use of the standard penalization tech-

nique. These results are in particular useful for the treatment of control/stopping game

problems and, to the best of our knowledge, they are completely new in the literature.

As an application, we introduce a new class of Backward Stochastic Differential Equa-

tions (in short BSDEs) with weak constraints at stopping times, which are related to

the partial hedging of American options. We study the wellposedness of such equations

and, using the Y g,ξ-Mertens decomposition, we show that the family of minimal time-

t-values Yt, with (Y,Z) a supersolution of the BSDE with weak constraints, admits a

representation in terms of a reflected backward stochastic differential equation.

Key words : Mertens decomposition, BSDEs with weak constraints at stopping times,

Optimal control, Optimal stopping, Stochastic game, Stochastic target.

AMS 1991 subject classifications : 93E20, 60J60, 47N10.

∗This work was conducted while the third author was visiting the National University of Singapore,

whose hospitality is kindly acknowledged. The forth author also acknowledges the hospitality of Le Mans

University during his visit.
†Department of Mathematics, King’s College London, United Kingdom, email:

roxana.dumitrescu@kcl.ac.uk.
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1 Introduction

The Doob-Meyer decomposition represents a fundamental tool of the general theory of

processes, in particular when applied to optimal control. This result, first introduced in

[17] for classical supermatingales, has been further extended in [18] to a class of right-

continuous g-supermatingales, being used by many authors in various contexts: backward

stochastic differential equation with constraints [2, 15, 20], minimal supersolutions under

non-classical conditions on the driver [10, 14], backward stochastic differential equations

with weak terminal conditions [3]. More recently, a version à la Mertens of the Doob-Meyer

decomposition has been provided in [5] for g-supermatingales, which are not necessarily

right-continuous, a natural application of their decomposition being to the general duality

for the minimal super-solution of a BSDEs with constraint.

In this paper, we introduce the notion of Y g,ξ-submartingale processes, with Y g,ξ the

nonlinear operator associated to the first component of the solution of a reflected backward

stochastic differential equation with lower obstacle ξ and driver g, and provide a Doob-

Meyer-Mertens decomposition for such processes. To the best of our knowledge, this result

is completely new in the literature, even in the classical case of a driver g ≡ 0. To illustrate

the main result, we consider the simpler setting of right-continuous left-limited strong Y g,ξ-

submartingale processes, the associated Y g,ξ-Doob-Meyer decomposition being new as well.

More precisely, let (Ω,F ,P) be a probability space, equipped with a Brownian motion W ,

as well as the Brownian filtration F := (Ft)0≤t≤T . Let g : [0, T ] × Ω ×R2 7→ R be some

function, progressively measurable in (t, ω) and Lipschitz in (y, z), also called driver, ξ a

right-continuous left-limited process and η ∈ L2(Fτ ), with η ≥ ξτ , where τ is a stopping

time. We define Y g,ξ
·,τ [η] := Y·, where (Y,Z,A) is the unique solution of the reflected

backward stochastic differential equation

−dYt = g(t, Yt, Zt)dt− ZtdWt + dAt on [0, τ ];

Yt ≥ ξt;∫ T

0
(Yt− − ξt−)dAt = 0 a.s.

Then, an optional process X is called a strong Y g,ξ-submartingale process if Xσ ≥ ξσ, for

all stopping times σ and such that XS ≤ Y g,ξ
S,τ [Xτ ] a.s. on S ≤ τ , for all stopping times S, τ .

When the process X is right-continuous, we show that it admits the unique Doob-Meyer

decomposition

−dXt = g(t,Xt, Z
X
t )dt− ZXt dWt + dAXt − dKX

t on [0, τ ];

Xt ≥ ξt;∫ T

0
(Xt− − ξt−)dAt = 0, a.s. (1.1)

where AX and KX are right-continuous left-limited processes such that AX0 = 0 and KX
0 =

0.

We give a general regularity result for strong Y g,ξ-submartingale processes, in partic-

ular we show that they are right-lower semicontinuous, and provide a Mertens version of
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the Y g,ξ-Doob-Meyer decomposition (1.1). Our approach is original, avoiding the stan-

dard penalization technique adopted in the context of classical Eg-supermartingales. In

particular, it is important to notice that, to get the decomposition, we do not require the

right-continuity, which might be difficult to prove, the right-lower semicontinuity which

comes from the Y g,ξ-submartingale property being enough. Our method also allows to

obtain the existence of left and right limits of Y g,ξ-submartingales, without the need of

establishing a down-crossing inequality which is the usual approach for Eg-supermartingales

(see e.g. [19], [5]). Furthermore, our results are given in the more general setting of Y g,ξ-

submartingale systems, which naturally appear in control theory. Using tools from the

general theory of processes, we show that such a system can be aggregated by a right-lower

semicontinuous optional process, which admits the à la Mertens version of the Doob-Meyer

decomposition. Such a decomposition seems as fundamental as the Mertens decomposition

of standard Eg-supermartingales, being useful in various contexts, in particular for the

treatment of control-stopping game problems.

We illustrate an application of our decomposition to the study of a new class of BSDEs

with weak constraints at any stopping time, which are related to the partial hedging of

American options. This class of BSDEs extends the so-called BSDEs with weak terminal

condition introduced in [3], by allowing for weak constraints at any stopping time. The

Doob-Meyer-Mertens decomposition of Y g,ξ-submartingales is a key ingredient for the dy-

namic characterization of the family of minimal time τ values Yτ such that (Y, Z) is a

supersolution of the BSDE with weak constraints, that is it satisfies, for 0 ≤ t ≤ T ,

Y Z
t ≥ Y0 −

∫ t

0
g(s, Y Z

s , Zs)ds+

∫ t

0
ZsdWs; (1.2)

E[`(Y Z
τ − Lτ )] ≥ m, P− a.s. for all stopping time τ taking values in [0, T ]. (1.3)

The problem at time 0 reads as follows:

Find the minimal Y0 such that (1.2) and (1.3) are satisfied for some Z. (1.4)

From a practical point of view, the cost of superhedging is fairly too high, so that the option

seller needs to accept to take some risk. An approach, which has been mainly developed for

European options, consists in replacing the too strong super-replicating P-a.s. condition by

a weaker one (see e.g. [4], [3], [11]). By analogy, in the case of American options, the seller

needs to solve a BSDE with dynamics (1.2), but shall replace the too strong constraint

Yτ ≥ LτP-a.s. for all stopping time τ taking values in [0, T ] by the weaker (1.3), where

m stands for a given success threshold and ` represents a non-decreasing loss function.

In contrast with the case of European Options, the literature on the partial hedging of

American options and Bermudean type options is much less abundant. Related works are

[1] (where the authors propose a probabilistic numerical algorithm for the computation

of the quantile hedging of Bermudean options) and [6] ( which follows a very different

approach to study BSDEs of the form (1.2) together with a weaker version of (1.3) where

the constraint only holds for deterministic times valued in [0, T ]). In the framework of
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the latter paper, no dynamic programming principle is available and the derived solution

connects to stochastic differential equations of McKean-Vlasov type.

The first step in our analysis consists in the reformulation of (1.4) as a control-stopping

problem. To this purpose, we show first that if Y and Z are such that (1.3) is satisfied,

then we can find an admissible control process α such that

Ψ(θ, Yθ) ≥Mα
θ := m+

∫ θ

0
αsds, for all stopping times θ. (1.5)

In the context of a terminal constraint only, the existence of such a control process α is

simply obtained by the Martingale Representation Theorem (see e.g. [3]). In our setting,

since we have to deal with weak constraints at any stopping time, the existence of a control

such that (1.5) holds is not obvious and more sophisticated arguments are needed to prove

it. Using this result, we show that the solution of (1.4) can be written as

inf
α

sup
θ
Eg0,θ[Φ(θ,Mα

θ )], (1.6)

with Φ the left-continuous inverse of the non-decreasing map Ψ. Equivalently, using

the link between the solution of reflected BSDEs and nonlinear optimal stopping with

g-expectations, the above control-stopping problem can be rewritten under the form

inf
α

Y g,α
0,T [Φ(T,Mα

T )], (1.7)

where the nonlinear operator Y g,α is associated to the obstacle process Φ(·,Mα
· ).

Our aim is to study, for a threshold process Mα
· , the family of minimal τ -values Yτ ,

which is given by

Yα(τ) = ess inf{Y α′
τ , α′ = α on [[0, τ ]]}. (1.8)

We derive a dynamic programming principle for this family, from which we deduce that

(Yα(τ))τ is a Y g,α-submartingale family, which can be aggregated by a right-continuous

with left limits process Yα· . Taking advantage of the Y g,ξ-Mertens-Doob-Meyer decomposi-

tion proved in the first part of the paper, we show that the value process Yα· corresponds to

the unique solution of a specific reflected backward stochastic differential equation. Finally,

we provide some complementary results related to the control-stopping game problem (1.6),

and give some sufficient conditions under which the game problem admits a value and a

saddle-point.

The outline of the paper is the following: In Section 2, we introduce the Y g,ξ-submartingale

systems, show that they can be aggregated by right-lower semicontinuous processes and

provide the Y g,ξ-Mertens-Doob-Meyer decomposition. In Section 3, we illustrate an appli-

cation of this decomposition to the study of a new class of BSDEs with weak constraints

at stopping times. In particular, we show that the family of minimal time t-values Yt, with

(Y,Z) a supersolution, is a strong Y g,ξ-submartingale, which can be characterized as the

unique solution of a specific reflected backward stochastic differential equation. Finally, in

Appendix 4, we give some sufficient conditions under which the control-stopping problem

(1.6) admits a value and a saddle point.
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Notations We first introduce a series of notations that will be used throughout the paper.

Let d ≥ 1 and T > 0 be fixed. We denote by W := (Wt)t∈[0,T ] a d-dimentional Brownian

motion defined on a probability space (Ω,F ,P) with P- augmented natural filtration F =

(Ft)t∈[0,T ]. The notation E will stand for the expectation with respect to P. Hereafter, we

define the following spaces:

• Lp(U,G) is the set of p-integrable G-measurable random variables with values in U ,

p ≥ 0, U a Borel set of Rn for some n ≥ 1 and G ⊂ F . When U and G can be clearly

identified by the context, we omit them. This will be in particular the case when

G = F .

• H2 is the set of Rd-valued F-predictable processes φ = (φt)t∈[0,T ] such that

‖φ‖2H2
:= E

[∫ T

0
|φt|2dt

]
<∞.

• K2 is the set of real-valued non-decreasing RCLL and F-predictable processes K =

(Kt)t∈[0,T ] with K0 = 0 and E[K2
T ] <∞.

• T0 denotes the set of F-stopping times τ such that τ ∈ [0, T ] a.s. The notation Eτ [.]

stands for the conditional expectation given Fτ , τ ∈ T0.

• For θ in T0, Tθ is the set of stopping times τ ∈ T0 such that θ ≤ τ ≤ T P-a.s.

• S2 is the set of real-valued optional processes φ = (φt)t∈[0,T ] such that

‖φ‖2S2
:= E[ess sup

τ∈T0
|φτ |2] <∞.

2 Y g,ξ-Mertens-Doob-Meyer decomposition of Y g,ξ-submartingale

systems

In this section, we introduce the notion of Y g,ξ-submartingale systems, and provide a Y g,ξ-

Mertens-Doob-Meyer decomposition of such systems, which is a new result in the literature,

even in the case g ≡ 0.

2.1 Definitions and assumptions

We give here some important definitions and assumptions. Consider a map g (also called

driver in the sequel) which satisfies the following assumption:

Assumption 2.1 g is a measurable map from Ω × [0, T ] ×R ×Rd to R and g(., y, z) is

F-predictable, for each (y, z) ∈ R × Rd. There exists a constant Kg > 0 and a random

variable χg ∈ L2(R+), such that, ∀(t, yi, zi) ∈ [0, T ]×R×Rd, i = 1, 2,

|g(t, 0, 0)| ≤ χg P− a.s.,
|g(t, y1, z1)− g(t, y2, z2)| ≤ Kg(|y1 − y2|+ |z1 − z2|) P− a.s.
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We recall first the definition of the conditional g-expectation.

Definition 2.1 (Conditional g-expectation) We recall that if g is a Lipschitz driver

and if ξ is a square-integrable FT -measurable random variable, then there exists a unique

solution (X,π) ∈ S2 ×H2 to the following BSDE

Xt = ξ +

∫ T

t
g(s,Xs, πs)ds−

∫ T

t
πsdWs for all t ∈ [0, T ] a.s.

For t ∈ [0, T ], the nonlinear operator Egt,T : L2(FT ) 7→ L2(Ft) which maps a given terminal

conditon ξ ∈ L2(FT ) to the first component at time t of the solution of the above BSDE

(denoted by Xt) is called conditional g-expectation at time t. It is also well-knwon that this

notion can be extended to the case where the (deterministic) terminal time T is replaced by

a general stopping time τ ∈ T0 and t is replaced by a stopping time S such that S ≤ τ a.s.

Let ξ be a right-continuous left-limited (RCLL) process in S2 and g a Lipschitz driver.

We denote by Y g,ξ the nonlinear operator (semigroup) associated with the reflected BSDE

with driver g and lower obstacle ξ·, which is the analagous of the operator E g, induced by

the non-reflected BSDE with driver g.

Definition 2.2 (Nonlinear operator Y g,ξ) For each τ ∈ T0 and each ζ ∈ L2(Fτ ) such

that ζ ≥ ξτ a.s., we define Y g,ξ
·,τ (ζ) := Y·, where Y· corresponds to the first component of the

solution of the reflected BSDE associated with terminal time τ , driver g and lower obstacle

ξt1τ<t + ζ1τ≥t.

Note that, by the flow property for reflected BSDEs, for each driver g, the operator Y g,ξ

is consistent (or, equivalently, satisfies a semigroup property) with respect to terminal con-

dition ζ. By the comparison theorem for reflected BSDEs with RCLL obstacle, we obtain

that Y g,ξ is monotonous with respect to the terminal condition.

Let us recall the definition of a T0-admissible system.

Definition 2.3 A family X = {X(τ), τ ∈ T0} is a T0-system (or admissible) if for all

τ, τ ′ ∈ T0, {
X(τ) ∈ L0(Fτ ),

X(τ) = X(τ ′) a.s. on {τ = τ ′}.
(2.9)

We now introduce the notion of Y g,ξ-submartingale system (resp. Y g,ξ-martingale system).

Definition 2.4 (Y g,ξ-submartingale system) An admissible family (X(τ), τ ∈ T0) is

said to be a Y g,ξ-submartingale family (resp. a Y g,ξ-martingale family) if X(τ) ≥ ξτ a.s

for all τ ∈ T0 satisfying E[ess sup
τ∈T0

X2(τ)] <∞ and for all τ, σ ∈ T0 such that σ ∈ Tτ a.s.,

X(τ) ≤ Y g,ξ
τ,σ (X(σ)) a.s., (resp.X(τ) = Y g,ξ

τ,σ (X(σ)) ) a.s.
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We now give the definition of a Y g,ξ-submartingale process (resp. Y g,ξ-martingale

process).

Definition 2.5 (Strong Y g,ξ-submartingale process) An optional process (Yt) ∈ S2

satisfying Yσ ≥ ξσ a.s. for all σ ∈ T0 and such that E[ess sup
τ∈T0

(Yτ )2] < ∞ is said to be a

strong Y g,ξ-submartingale if YS ≤ Y g,ξ
S,τ (Yτ ) a.s. on S ≤ τ , for all S, τ ∈ T0.

2.2 Y g,ξ-submartingale systems: aggregation and Mertens-Doob-Meyer

decomposition

In this section, we prove the Y g,ξ-Mertens-Doob-Meyer decomposition of Y g,ξ-submartingale

systems. To this purpose, using tools from the general theory of processes, we first provide

an aggregation result for Y g,ξ-submartingale systems.

Theorem 2.6 (Aggregation of a Y g,ξ-submartingale family by a right-l.s.c.process)

Let (X(S), S ∈ T0) be an Y g,ξ-submartingale family. Then there exists a right-lower semi-

continuous optional process (Xt) belonging to S2 which aggregates the family (X(S), S ∈
T0), that is such that X(S) = XS a.s. for all S ∈ T0. Moreover, the process (Xt) is a strong

Y g,ξ-submartingale, that is, for each S ∈ T0, XS ∈ L2, XS ≥ ξS a.s. and for all S, S′ ∈ T0

such that S ≥ S′ a.s., Y g
S′,S(XS) ≥ XS′ a.s.

Proof. Fix τ ∈ T0 and let (τn)n∈N be a non-increasing sequence of stopping times in Tτ
such that τn ↓ τ a.s. and for all n ∈ N, we have τn > τ a.s. on {τ < T} and such that

limn→∞X(τn) exists a.s. By definition of the operator Y g,ξ, we derive that

X(τ) ≤ Y g,ξ
τ,τn(X(τn)) a.s. for all n ∈ N. (2.10)

Since the sequence of stopping times (τn)n is non-increasing and the operator Y g,ξ is

consistent, we derive that

Y g,ξ
τ,τn(X(τn)) = Y g,ξ

τ,τn+1
(Y g,ξ

τn+1,τn(X(τn))) ≥ Y g,ξ
τ,τn+1

(X(τn+1)) a.s., (2.11)

where the last inequality follows by (2.10). This implies that the sequence Y g
τ,τn(X(τn))n∈N

is non-increasing, and thus it converges almost surely. Moreover,

X(τ) ≤ lim
n→∞

↓ Y g,ξ
τ,τn(X(τn)) a.s. (2.12)

Since, by the right-continuity of the obstacle, we have limn→∞X(τn) ≥ ξτ a.s., we can

use the continuity result of Reflected BSDEs with respect to terminal time and terminal

condition (see Proposition 3.13 in [12]) and obtain

X(τ) ≤ lim
n→∞

Y g,ξ
τ,τn(X(τn)) ≤ Y g,ξ

τ,τ ( lim
n→∞

X(τn)) = lim
n→∞

X(τn) a.s. (2.13)

By Lemma 5 in [8], we conclude that the family (X(S), S ∈ T0) is right lower semicon-

tinuous. It follows from Theorem 4 in [9] that there exists a right lower-semicontinuous

optional process (Xt) which aggregates the family (X(S), S ∈ T0), which is strongly Y g,ξ-

submartingale. �

7



Remark 2.1 By the above Theorem, we get that strong Y g,ξ-submartingale processes are

right-lower semicontinuous (r.l.s.c. for short).

We now show the nonlinear Y g,ξ-Mertens decomposition of Y g,ξ-submartingales, which

represents, to the best of our knowledge, a new result in the literature. Our proof is

simple, avoiding the standard penalization technique used in the setting of standard Eg-
supermartingales.

Before giving the main theorem, we recall the following definition of mutually singular

measures associated with RCLL predictable processes.

Definition 2.7 Let A = (At)0≤t≤T and A′ = (A′t)0≤t≤T belonging to A 2. The measures

dAt and dA′t are said to be mutually singular and we write dAt ⊥ dA′t if there exists D ∈ P
such that

E
[∫ T

0
1DcdAt

]
= E

[∫ T

0
1DcdA

′
t

]
= 0.

We now prove the following decomposition à la Mertens.

Theorem 2.8 (Y g,ξ-Mertens decomposition of Y g,ξ-submartingales) Let (Yt) be an

optional process such that E[ess sup
τ∈T0

(Yτ )2] < ∞ and (ξt) be a right-continuous left-limited

strong semimartingale such that E[ess sup
τ∈T0

(ξτ )2] < ∞. The process (Yt) is a strong Y g,ξ-

submartingale process if and only if there exist two non-decreasing right-continuous pre-

dictable processes A,K ∈ K2 such that A0 = 0 and K0 = 0, a non-decreasing right-

continuous adapted purely discontinuous process C ′ in S2 with C ′0− = 0 and a process

Z ∈ H2 such that a.s. for all t ∈ [0, T ],

Yt = YT +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdWs +AT −At −KT +Kt − C ′T− + C ′t− ,

Yt ≥ ξt a.s. ;∫ T

0
(Ys− − ξs−)dAs = 0 a.s.; a.s. for all τ ∈ T0;

dAt ⊥ dKt.

(2.14)

Moreover, this decomposition is unique.

Proof. Fix S ∈ T0. Since (Yt) is a strong Y g,ξ-submartingale, we derive that for

each τ ∈ TS , we have YS ≤ Y g,ξ
S,τ (Yτ ) a.s. By the characterization of the solution of a

reflected BSDE in terms of an optimal stopping problem with g-expectations, we have

YS ≤ ess sup
S′∈TS

EgS,S′∧τ (Yτ1S′≥τ + ξS′1S′<τ ). By arbitrariness of τ ∈ TS , hence we get

YS ≤ ess inf
τ∈TS

ess sup
S′∈TS

EgS,S′∧τ (Yτ1S′≥τ + ξS′1S′<τ ) a.s. (2.15)
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Now, one can remark that we have

YS = ess sup
S′∈TS

EgS,S∧S′ (YS1S′≥S + ξS′1S>S′) a.s.

As S ∈ TS , we deduce:

YS ≥ ess inf
τ∈TS

ess sup
S′∈TS

EgS,τ∧S′ (Yτ1S′≥τ + ξS′1τ>S′) a.s. (2.16)

The inequalities (2.15) and (2.16) allow to conclude that

YS = ess inf
τ∈TS

ess sup
S′∈TS

EgS,S∧S′ (Yτ1S′≥τ + ξS′1τ>S′) a.s. (2.17)

We now use the characterization of the value function of generalized Dynkin game in

terms of solution to doubly reflected BSDE, first introduced by Cvitanic et al. [7]. Namely,

Theorem 4.5 in [13] ensures that, given two obstacles (ξt) and (ζt) supposed to be resp.

r.u.s.c. and r.l.s.c., and satisfying the Mokobodzki’s condition, the value function of a

Generalized Dynkin game given by

ȲS := ess inf
τ∈TS

ess sup
σ∈TS

EgS,τ∧σ[ξτ1τ<σ + ζσ1σ≤τ ] = ess sup
σ∈TS

ess inf
τ∈TS

EgS,τ∧σ[ξτ1τ<σ + ζσ1σ≤τ ] ,

is such that Ȳ is the first component of the solution of the doubly reflected BSDE with driver

g and obstacles (ξt) and (ζt). Hence, this result can be applied in our setting, since (ξt)

is RCLL and (Yt) is r.l.s.c. (see Remark 2.1) and the Mokobodzki’s condition is satisfied.

Thus, (2.17) implies that the process (Yt) coincides with the first component of the solution

of the doubly reflected BSDE associated with obstacles (Yt) and (ξt), i.e. there exist two

non-decreasing right-continuous predictable processes A,K ∈ K2 such that A0 = 0 and

K0 = 0, two non-decreasing right-continuous adapted purely discontinuous processes C,C ′

in S2 with C0− = 0 and C ′0− = 0 and a process Z ∈ H2 such that a.s. for all t ∈ [0, T ],

Yt = YT +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdWs +AT −At + CT− − Ct− −KT +Kt − C ′T− + C ′t− ,

Yt ≥ ξt a.s. ;∫ T

0
(Ys− − ξs−)dAs = 0 a.s.; (Yτ − ξτ )(Cτ − Cτ−) = 0 a.s. for all τ ∈ T0;

dAt ⊥ dKt ; dCt ⊥ dC ′t.
(2.18)

Using the above equation, we can observe that ∆Ct = (Yt+ − Yt)− and ∆C ′t = (Yt+ − Yt)+

for all t a.s., where Yt+ stands for the process of right-limits, which exist by the above

decomposition. Since the process (Yt) is r.l.s.c. by Remark 2.1, we get that ∆Ct = 0 for all

0 ≤ t ≤ T a.s. The result follows.

Let us now show the converse implication. The reflected BSDE (2.14) can be seen as a

reflected BSDE associated to the generalized driver g(t, ω, y, z)dt− dKt − dC ′t− .

Fix τ ∈ TS . Using the flow property for reflected BSDEs and their representation as

the value function of an optimal stopping problem, we get

YS = ess sup
S′∈TS

Eg−dK−dC
′

S,S′∧τ [Yτ1τ≤S′ + ξS′1S′<τ ] a.s. (2.19)
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Using the comparison theorem for BSDEs with generalized driver, we deduce that

YS ≤ ess sup
S′∈TS

EgS,S′∧τ [Yτ1τ≤S′ + ξS′1S′<τ ] a.s., (2.20)

which implies that

YS ≤ Y g,ξ
S,τ [Yτ ] a.s., for all τ ∈ TS .

The uniqueness of the decomposition follows by the uniqueness of the decomposition of a

semimartingale and the fact that the measures dA and dK (resp. dC and dC ′) are mutually

singular. �

Remark 2.2 From the previous Theorem, we deduce that strong Y g,ξ-submartingales have

left and right limits.

In the case when the process Y g,ξ is right-continuous left-limited (RCLL), we obtain the

following Y g,ξ-Doob-Meyer decomposition, which also seems a new result in the literature.

Theorem 2.9 (Y g,ξ-Doob-Meyer decomposition of RCLL Y g,ξ-submartingales)

Let (Yt) be an optional process such that E[ess sup
τ∈T0

(Yτ )2] <∞ and (ξt) be a right-continuous

left-limited strong semimartingale such that E[ess sup
τ∈T0

(ξτ )2] < ∞. The process (Yt) is a

RCLL strong Y g,ξ-submartingale process if and only if there exist two non-decreasing right-

continuous predictable processes A,K ∈ K2 such that A0 = 0 and K0 = 0 and a process

Z ∈ H2 such that a.s. for all t ∈ [0, T ],
Yt = YT +

∫ T
t g(s, Ys, Zs)ds−

∫ T
t ZsdWs +AT −At −KT +Kt;

Yt ≥ ξt a.s. ;∫ T
0 (Ys− − ξs−)dAs = 0 a.s.;

dAt ⊥ dKt.

Moreover, this decomposition is unique.

Proof. Let (Yt) be a RCLL Y g,ξ-submartingale. We can thus apply Theorem 2.8 and

obtain the existence of the processes (Z,A,K,C ′) ∈ H2 × (K2)3 such that (2.14) holds.

Due to this equation, we have ∆C
′
t = (Yt+ −Yt). Since the process (Yt) is right-continuous,

then the process C ′ = 0. The result follows. �

3 Application to BSDEs with weak constraints at stopping

times

In this section, we introduce a new class of BSDEs with weak constraints at stopping times,

which are related to the partial hedging of American options. Using the results from the

first part, we will provide a representation of the family of τ -minimal values in terms of a

reflected BSDE.

10



3.1 Definition and Assumptions

We introduce here the new mathematical object.

Definition 3.1 (BSDEs with weak constraints at stopping times) Given a measurable map

Ψ : [0, T ] × R × Ω → U , with U ⊂ R ∪ {−∞}, τ ∈ T0 and µ ∈ L0(U,Fτ ), we say that

(Y,Z) ∈ S2×H2 is a supersolution of the BSDE with generator g : Ω× [0, T ]×R×Rd → R

and weak reflections (ψ, µ, τ) if, for any 0 ≤ t ≤ s ≤ T ,

Yt ≥ Ys +

∫ s

t
g(s, Ys, Zs)ds−

∫ s

t
ZsdWs; (3.21)

Eτ [Ψ(θ, Yθ)] ≥ µ for all θ ∈ Tτ . (3.22)

The terminology BSDEs with weak constraints at stopping times is due to the fact that,

given a stopping time τ ∈ T0 and a threshold µ ∈ L0, the first component of the solution

of the above BSDE, here denoted by (Yt), satisfies the condition Eτ [Ψ(θ, Yθ)] ≥ µ for all

θ ∈ Tτ . The wellposedness of this class of BSDEs, under appropriate assumptions, is dis-

cussed below.

The driver g is supposed to satisfy Assumption 2.1 and the map Ψ the following as-

sumption.

Assumption 3.2 For dt × dP-a.e. (t, ω) ∈ [0, T ] × Ω, the map y ∈ R 7→ Ψ(t, ω, y) is

non-decreasing, right-continuous, valued in [0, 1] ∪ {−∞} and its left-continuous inverse

Φ(t, ω, ·) satisfies Φ : [0, T ]× Ω× [0, 1] 7→ [0, 1] is measurable.

By left-continuous inverse, we mean the left-continuous map defined, for any fixed (t, ω, x),

by

Φ(t, ω, x) := inf{y ∈ R, Ψ(t, ω, y) ≥ x} ,

and hereby satisfies

Φ(t, ω,Ψ(t, ω, x)) ≤ x ≤ Ψ(t, ω,Φ(t, ω, x)).

Well-posedness of BSDEs with weak constraints at stopping times.

We address here the question of the well-posedness of the BSDE with weak reflections. Let

ξ be a square integrable FT -measurable random variable such that Eτ [ξ] = µ a.s. Due to

the martingale representation theorem, there exists α ∈ H2 such that

Mα
T = ξ a.s., where Mα

T = µ+

∫ T

τ
αsdWs.

The solution (Y α
t , Z

α
t ) of the reflected BSDE associated with the driver g and obstacle

(Φ(t,Mα
t )) (which exists under the above assumptions) is a supersolution of the BSDE

with weak reflections.
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Due to the weak constraints, we do not expect uniqueness of the solution.

We now introduce the set Θ(τ, µ) of (τ, µ)-initial supersolutions, which is defined as follows:

Θ(τ, µ) := {Yτ : (Y,Z) is a supersolution of (3.21) and (3.22)}.

3.2 Characterization of the minimal τ-values family as a control-stopping

game problem

The aim of this subsection is to study the lower bound of the set Θ(τ, µ), that is ess inf Θ(τ, µ),

which corresponds to the efficient price of an American option under the risk constraint

Eτ [Ψ(θ, Yθ)] ≥ µ a.s., for all θ ∈ Tτ . In particular, we will provide a characterization in

terms of a control-stopping game problem.

The first step is to reformulate the problem of interest into an equivalent one involving

”strong” constraints, in a similar manner as for the efficient hedging of European options.

We refer to Bouchard, Elie, Touzi [4] in the Markovian framework or Bouchard, Elie,

Reveillac [3] in the non-Markovian setting.

For this purpose, let Aτ,µ denote the set of elements α ∈ H2 such that

M
τ,µ,α

:= µ+

∫ τ∨.

τ
αsdWs takes values in [0, 1]. (3.23)

The main difficulty in our setting case is due to the fact that we can a priori only obtain an

equivalent formulation in which the controlled martingale depends on the chosen stopping

time θ, i.e. for each θ ∈ Tτ there exists αθ ∈ Aµ,τ such that Eτ [Ψ(θ, Yθ)] ≥ µ is equivalent

to Yθ ≥ Φ(θ,M τ,µ,αθ

θ ) a.s.

We show in the next Lemma that we can overcome this issue and obtain the existence

of a control process independent of the stopping time.

Lemma 3.2 (Equivalent reformulation with strong constraints) Fix τ ∈ T0 and

µ ∈ L0([0, 1],Fτ ). Let (Yt, Zt) ∈ S2 ×H2 be a supersolution of the BSDE (3.21)-(3.22).

Then the weak constraint E [Ψ(θ, Yθ)|Fτ ] ≥ µ for all θ ∈ Tτ is equivalent to the strong

constraint Yθ ≥ Φ(θ,M
τ,µ,α

θ ) a.s., for a given α ∈ Aτ,µ and for all θ ∈ Tτ .

Proof. We first show that (3.22) implies that there exists α ∈ Aτ,µ such that Yθ ≥
Φ(θ,M

τ,µ,α

θ ) a.s. for all θ ∈ Tτ . To this purpose, we define, for each σ ∈ T0, the Fσ-

measurable random variable

V (σ) := ess inf
τ∈Tσ

E [Ψ(τ, Yτ )|Fσ] . (3.24)

By classical results of the general theory of processes (see [9]) , the family (V (σ), σ ∈ T0)

is a submartingale family, which can be aggregated by an optional process (Vt) admitting

the Mertens decomposition:

Vt := Nt +At + Ct− ,
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where N is a square integrable martingale, A is a non-decreasing RCLL predictable pro-

cess such that A0 = 0 and C is a non-decreasing right-continuous adapted process, purely

discontinuous satisfying C0− = 0. By the martingale representation theorem, there exists

α ∈ H2 such that Nθ = Nτ +

∫ θ

τ
αsds, for all θ ∈ Tτ .

Since for all θ ∈ Tτ we have E [Ψ(θ, Yθ)|Fτ ] ≥ µ a.s., we get that ess inf
θ∈Tτ

E [Ψ(θ, Yθ)|Fτ ] ≥ µ
a.s. Hence, by using the definition of V (see (3.24)), we obtain

Vτ = Nτ +Aτ + Cτ− ≥ µ a.s. (3.25)

We now fix θ ≥ τ . We have Ψ(θ, Yθ) = E [Ψ(θ, Yθ)|Fθ] ≥ ess inf
σ∈Tθ

E [Ψ(σ, Yσ)|Fθ] = Vθ a.s.

This observation, together with (3.25), implies

Ψ(θ, Yθ) ≥ Nθ +Aθ + Cθ− = Nτ +Aτ + Cτ− +

∫ θ

τ
αsdWs +Aθ −Aτ + Cθ− − Cτ− .

Now, define the stopping time θα := inf{s ≥ τ, M τ,µ,α
s = 0} and the control process

ᾱ := α1[0,θα], which clearly belongs to Aτ,µ. Using the above inequality, inequality (3.25)

and the fact the processes A and C are non-decreasing, we obtain

Ψ(θ, Yθ) ≥M
τ,µ,ᾱ

θ a.s.

By applying now the map Φ which is non-decreasing in its last variable, we finally derive

Yθ ≥ Φ(θ,M
τ,µ,ᾱ

θ ) a.s.

The second implication is trivial.

�

From the previous Lemma, we easily deduce the following result.

Proposition 3.3 Fix τ ∈ T0, µ ∈ L0([0, 1],Fτ ). Then (Y,Z) ∈ S2×H2 is a supersolution

of the BSDE (3.21)-(3.22) if and only if (Y,Z) satisfies (3.21) and there exists α ∈ Aτ,µ

such that Yν ≥ ess sup
θ∈Tν

Egν,θ[Φ(θ,M τ,µ,α
θ )] a.s. for all ν ∈ Tτ .

Proof. Let (Y, Z) be a supersolution of BSDE (3.21)-(3.22). By Lemma 3.2, there exists

ᾱ ∈ Aτ,µ such that for all θ ∈ Tτ we have Ψ(θ, Yθ) ≥M τ,µ,ᾱ
θ . a.s. The monotonocity of the

map Φ and the above inequality imply that:

Yθ ≥ Φ(θ,M τ,µ,ᾱ
θ ) a.s.

By the comparison theorem for BSDEs, we get that for all θ ∈ Tν , we have Yν ≥ Egν,θ[Φ(θ,M τ,µ,ᾱ
θ ]

a.s. Now, by arbitrariness of θ ∈ Tν we finally obtain:

Yν ≥ ess sup
θ∈Tν

Egν,θ[Φ(θ,M τ,µ,ᾱ
θ ] a.s. (3.26)
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Let us show the converse implication. Let α ∈ Aτ,µ such that for all ν ∈ Tτ , we have

Yν ≥ Φ(ν,M τ,µ,α
ν ) a.s. Hence we get Ψ(ν, Yν) ≥ M τ,µ,α

ν a.s. This implies that (Y,Z)

satisfies (3.21) and (3.22). �

Using the above results, we show in the following proposition how to relate the lower bound

of the family Θ(τ, µ) to the value of a stochastic control/optimal stopping game. To this

aim, we define the value function

Y(τ, µ) := ess inf
α∈Aτ,µ

ess sup
θ∈Tτ

Egτ,θ[Φ(θ,M τ,µ,α
θ )]. (3.27)

Proposition 3.4 We have ess inf Θ(τ, µ) = Y(τ, µ) a.s.

Proof.

Let Yτ ∈ Θ(τ, µ). By Proposition 3.3, we obtain that there exists ᾱ ∈ Aτ,µ such that

Yτ ≥ ess sup
θ∈Tτ

Egτ,θ[Φ(θ,M τ,µ,ᾱ
θ )] a.s., which clearly implies that

Yτ ≥ ess inf
α∈Aτ,µ

ess sup
θ∈Tτ

Egτ,θ[Φ(θ,M τ,µ,α
θ ))] = Y(τ, µ) a.s.

By arbitrariness of Yτ , we derive that ess inf Θ(τ, µ) ≥ Y(τ, µ) a.s.

Conversely, we have that, for each α ∈ Aτ,µ, ess sup
θ∈Tτ

Egτ,θ[Φ(θ,M τ,µ,α
θ )] belongs to Θ(τ, µ),

which leads to

ess sup
θ∈Tτ

Egτ,θ[Φ(θ,M τ,µ,α
θ )] ≥ ess inf Θ(τ, µ) a.s.

By taking the essential infimum on α ∈ Aτ,µ, the result follows.

3.3 A reflected BSDE representation of the minimal τ-values family

In this subsection, for an initial threshold m0 at time 0 and a given admissible control

α ∈ A0,m0 , we consider the dynamic ’threshold’ (M0,m0,α
t ) and provide a reflected BSDE

representation of the minimal τ -values family Y(τ,Mα
τ ).

For ease of notations, we fix m0 ∈ [0, 1] and set{
Mα
t := M0,m0,α

t , A α
τ := {α′ ∈ Aτ,Mα

τ
: α′ = α dt× dP on [[0, τ ]]},

A0 := A0,m0 and Yα(τ) := Y(τ,Mα
τ ) for α ∈ A0, t ∈ [0, T ] and τ ∈ T0.

(3.28)

We make here the following assumption concerning the regularity of the map Φ.

Assumption 3.3 Assume that the map Φ is continuous with respect to t and m. Moreover,

suppose that, for each α ∈ A0, the process Φ(·,Mα
· ) is a strong semimartingale.

Using the characterization of the first component of the solution of a nonlinear reflected

BSDE as the value of an optimal stopping with nonlinear BSDEs, we obtain that, for τ ∈ T0

and µ ∈ L0([0, 1],Fτ ),

Y(τ, µ) = ess inf
α∈Aτ,µ

Y g,α
τ,T [Φ(T,M τ,µ,α

T )], (3.29)
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where the operator Y g,α is associated to the obstacle process Φ(·,M τ,µ,α
· ).

In particular, for a given α ∈ A0, Yα can be rewritten as follows:

Yα(τ) = ess inf
α′∈A α

τ

Y g,α
τ,T [Φ(T,Mα

T )], (3.30)

with Y g,α associated with the obstacle process Φ(·,Mα
· ).

Lemma 3.5 (Admissibility of the family (Yα(τ))τ∈T0) The family (Yα(τ))τ∈T0 is a

square-integrable admissible family.

Proof. For each S ∈ T0, Yα(S) is an FS-measurable square-integrable random variable,

due to the definitions of the conditional g-expectation, essential supremum and infimum

operators. Let S and S′ be two stopping times in T0. We set B := {S = S′}. We show that

Yα(S) = Yα(S′) a.s. on B. For all θ ∈ TS , set θB := θ1B +T1Bc . We clearly have θB ∈ TS′
and moreover θB = θ a.s. on B. We also fix α′ ∈ A α

S′ and set α′B := α1[[0,S]] + α′1]]S,T ]]1B.

Clearly α′B ∈ A α
S and α′B = α′ on ]]S′, T ]]∩B. By using the fact that S = S′ on B, as well

as several properties of the g-expectation, we obtain

1BEgS,θ[Φ(θ,M
α′B
θ )] = 1BEgS′,θ[Φ(θ,M

α′B
θ )] = Eg1BS′,θ [1BΦ(θ,M

α′B
θ )] = Eg1BS′,θ [1BΦ(θB,M

α
′
B

θB
)]

= 1BEgS′,θ[Φ(θB,M
α′
θB

)] ≤ 1Bess sup
θ∈TS′

EgS′,θ[Φ(θ,Mα′
θ )] a.s. (3.31)

By taking the essential supremum on θ ∈ TS and then the essential infimum on α′ ∈ A α
S′ ,

we get Yα(S) ≤ Yα(S′) a.s. on B. By interchanging the roles of S and S′, the converse

inequality follows by the same arguments. �

We now prove the existence of an optimizing sequence in the representation (3.30).

Lemma 3.6 (Optimizing sequence) Fix τ ∈ T0, θ ∈ Tτ , µ ∈ L0([0, 1],Fτ ) and α ∈
Aτ,µ. Then there exists a sequence (α′n) ⊂ A θ,α

τ,µ := {α′ ∈ Aτ,µ, α
′1[0,θ) = α1[0,θ)} such that

lim
n→∞

↓ Y
g,α′n
θ,T [Φ(T,M

τ,µ,α′n
T )] = Y(θ,M

τ,µ,α

θ ) a.s.

Proof. To prove the result, we have to show that the family {J(α′) := Y g,α′

θ,T [Φ(T,M
τ,µ,α′

T )],

α′ ∈ A θ,α
τ,µ } is downward directed. Fix α′1, α

′
2 ∈ A θ,α

τ,µ and set

α̃′ := α1[0,θ) + 1[θ,T ](α
′
11A + α′21Ac),

where A := {J(α′1) ≤ J(α′2)} ∈ Fθ, which implies that α̃′ ∈ A θ,α
τ,µ and, since A ∈ Fθ,

J(α̃′) = Y g,α̃′

θ,T [Φ(T,M
τ,µ,α′1
T )1A + Φ(T,M

τ,µ,α′2
T )1Ac ]

= 1AY
g,α′1
θ,T [Φ(T,M

τ,µ,α′1
T )] + 1AcY

g,α′2
θ,T [Φ(T,M

τ,µ,α′2
T )]

= min(J(α′1), J(α′2)).
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This gives the desired result. �

We now proceed to show that, for each α ∈ A0, the family (Yα(τ), τ ∈ T0) is a Y g,α-

submartingale family. This is a direct consequence of the following dynamic programming

principle.

Theorem 3.7 (Dynamic programming principle) The value family satisfies the fol-

lowing dynamic programming principle: for all (τ1, τ2, α) ∈ T0 ×T0 ×A0 such that τ2 ∈ Tτ1
a.s., we have:

Yα(τ1) = ess inf
α′∈A α

τ1

Y g,α′
τ1,τ2 [Yα′(τ2)] a.s. (3.32)

Proof.

Let us first show that

Yα(τ1) ≥ ess inf
α′∈A α

τ1

ess sup
θ∈Tτ1

Egτ1,τ2∧θ
[
Yα′(τ2)1θ≥τ2 + Φ(θ,Mα′

θ )1θ<τ2

]
a.s.

Fix α′ ∈ A α
τ1 . By the flow property for reflected BSDEs we obtain:

Y g,α′

τ1,T

[
Φ(T,Mα′

T )
]

= Y g,α′
τ1,τ2

[
Y g,α′

τ2,T
[Φ(T,Mα′

T )]
]

a.s.

Using a comparison argument for reflected BSDEs together with (3.30), we get:

Y g,α′

τ1,T

[
Φ(T,Mα′

T )
]
≥ Y g,α′

τ1,τ2

[
Yα′(τ2)

]
a.s.

By arbitrariness of α′ ∈ A α
τ1 , we finally obtain:

Yα(τ1) ≥ ess inf
α′∈A α

τ1

Y g,α′
τ1,τ2

[
Yα′(τ2)

]
a.s.

Conversely, we prove that

Yα(τ1) ≤ ess inf
α′∈A α

τ1

ess sup
θ∈Tτ1

Egτ1,τ2∧θ
[
Yα′(τ2)1θ≥τ2 + Φ(θ,Mα′

θ )1θ<τ2

]
. (3.33)

By Lemma 3.6, there exists a sequence of controls αn ∈ A α′
τ2 such that:

Yα′(τ2) = lim
n→∞

Y g,αn

τ2,T

[
Φ(T,Mαn

T )
]

a.s.

The continuity of the reflected BSDEs with respect to its terminal condition gives:

Y g,α′
τ1,τ2

[
Yα′(τ2)

]
= lim

n→∞
Y g,α′
τ1,τ2

[
Y g,αn

τ2,T

[
Φ(T,Mαn

T )
]]

a.s.

We set:

α̃ns := α′s1s<τ2 + αns1s≥τ2 .

The two above relations and the consistency of the operator Y g,α′ finally give:

Y g,α′
τ1,τ2

[
Yα′(τ2)

]
= lim

n→∞
Y g,α̃n

τ1,T

[
Φ(T,M α̃n

T )
]
≥ Yα′(τ1) a.s.

Now, by arbitrariness of α′ ∈ A α
τ , the result follows. �

We finally prove the existence of a RCLL process which aggregates the value family

(Yα).
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Theorem 3.8 (Existence of a RCLL aggregator process of the value family) For

any α ∈ A0, there exists a RCLL process (Yαt ) which aggregates the family (Yα(τ), τ ∈ T0),

that is Yα(τ) = Yατ a.s., for all τ ∈ T0.

Proof. Fix α ∈ A0. By Theorem 3.7, we get that the family (Yα(τ))τ∈T0 is a Y g,α-

submartingale family. By Theorem 2.6, we deduce that there exists an optional process

(Yαt ) which aggregates the family (Yα(τ))τ∈T0 and satisfies E[ess sup
τ∈T0

(Yατ )2] < ∞. We can

thus use Theorem 2.8, which shows that (Yαt ) admits a Y g,α-Mertens decomposition, giving

the existence of its left and right limits. Define the process:

Yαt := lim
s∈(t,T ]↓t

Yαs , t ∈ [0, T ].

In order to show that the process Yα is indistinguishable of a RCLL process, we need to

prove that

Yατ = Yατ a.s., for all τ ∈ T0.

Let us introduce (τn)n∈N, a non-increasing sequence of stopping times with values in [0, T ]

such that τn ↓ τ a.s. as n→ +∞. By the definition of the process Yα, we have

Yατ = lim
n→∞

Yατn a.s. (3.34)

Step 1. Let us first show the inequality Yατ ≥ ess inf
α′∈A α

τ

Y g,α′

τ,θ

[
Φ(θ,Mα′

θ )
]

= Yατ .

By the continuity property of BSDEs with respect to the terminal time and terminal con-

dition, we have lim
n→∞

Y g,α
τ,τn [Yατn ] = Yατ a.s. Then, by Theorem 3.7, we get Y g,α

τ,τn [Yατn ] ≥ Yατ
a.s. The result follows.

Step 2. It remains to show that Yατ ≤ ess inf
α′∈A α

τ

Y g,α′

τ,T

[
Φ(T,Mα′

T )
]

= Yατ a.s.

In order to prove it, fix α′ ∈ A α
τ and set

λn :=

(
Mα
τn

Mα′
τn

∧
1−Mα

τn

1−Mα′
τn

)
1{Mα′

τn
/∈{0,1}} ∈ [0, 1].

We set α′n := α1[0,τn) + λnα
′1[τn,T ]. This implies that α′n belongs to A α

τn .

Now, relation (3.34) together with the Fτ -measurability of lim
n→∞

Yατn and the continuity of

BSDEs with respect to the terminal time and terminal condition give:

Yατ ≤ Egτ,τ [ lim
n→∞

Yατn ] = lim
n→∞

Egτ,τn [Yατn ] a.s. (3.35)

Using standard results from the optimal stopping theory, there exists an optimal stopping

time θ̂n ∈ Tτn for the optimal stopping problem ess sup
θ∈Tτn

Egτn,θ
[
Φ(θ,M

α′n
θ )
]
. We thus derive

Egτ,τn [Yατn ] ≤ Egτ,τn
[

ess sup
θ∈Tτn

Egτn,θ
[
Φ
(
θ,M

α′n
θ )
]]

= Egτ,τn
[
Eg
τn,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]]

= Eg
τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]

a.s.,
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where the first inequality follows by admissibility of the control α′n. Furthermore, we get

Eg
τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]

= Eg
τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]
− Eg

τ,θ̂n

[
Φ(θ̂n,M

α′

θ̂n
)
]

+ Eg
τ,θ̂n

[
Φ(θ̂n,M

α′

θ̂n
)
]
.

(3.36)

Since θ̂n ∈ Tτn ⊂ Tτ , we have

Eg
τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]
≤ Eg

τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]
− Eg

τ,θ̂n

[
Φ(θ̂n,M

α′

θ̂n
)
]

+ ess sup
θ∈Tτ

Egτ,θ
[
Φ(θ,Mα′

θ )
]

a.s.

(3.37)

Now, by using the a priori estimates with BSDEs we have:

E
[∣∣∣Eg

τ,θ̂n

[
Φ(θ̂n,M

α′n
θ̂n

)
]
− Eg

τ,θ̂n

[
Φ(θ̂n,M

α′

θ̂n
)
]∣∣∣2] ≤ CE [(Φ(θ̂n,M

α′n
θ̂n

)− Φ(θ̂n,M
α′

θ̂n
)
)2
]

(3.38)

≤ CE

[
sup

0≤t≤T

(
Φ(t,M

α′n
t )− Φ(t,Mα′

t )
)2
]
.

One can easily show that M
α′n
T → Mα′

T a.s. when n → ∞. By applying Doob’s inequality

and Lebesgue’s Theorem, and using the uniform continuity of Φ, we derive that

E

[
sup

0≤t≤T

(
Φ(t,M

α′n
t )− Φ(t,Mα′

t )
)2
]
→ 0 when n→∞. (3.39)

Finally, by combining (3.35), (3.36), (3.37), (3.38), (3.39) and taking the limit in n, the result

follows. �

We now prove the representation of the minimal t-values process Yα· in terms of a

reflected Backward SDE.

Theorem 3.1 (Reflected BSDE representation of the minimal t-values process)

There exists a family (Zα,Aα,Kα)α∈A0 ⊂ H2 × K2 × K2 such that, for all α ∈ A0, we

have, for all 0 ≤ t ≤ T ,

Yαt = Φ(T,Mα
T ) +

∫ T

t
g(s,Yαs ,Zαs )ds−

∫ T

t
Zαs dWs +Kαt −KαT −Aαt +AαT ; (3.40)

Yαt ≥ Φ(t,Mα
t ) a.s.; (3.41)∫ T

0
(Yαs− − Φ(s,Mα

s−)) dAαs = 0 a.s.; dAα ⊥ dKα; (3.42)

ess inf
α′∈A α

τ

E[

∫ T

τ
exp(δτ,α

′
s )d(Aα

′
s −Aα

′
s +Kα′s )] = 0 a.s., for all τ ∈ T0; (3.43)

(Yα,Zα,Kα,Aα)1[[0,τ ]] = (Y ᾱ,Z ᾱ,Kᾱ,Aᾱ)1[[0,τ ]], ∀τ ∈ T0, α ∈ A ᾱ
τ . (3.44)
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where

δt,αs :=

∫ s

t
{βαudWu + (λαu −

(βαu )2

2
)du},

with

λαs :=
g(s,Yαs ,Zαs )− g(s, Y α

s ,Zαs )

Yαs − Y α
s

1{Yαs −Y αs 6=0};

βαs :=
g(s, Y α

s ,Zαs )− g(s, Y α
s , Z

α
s )

|Zαs − Zαs |2
(Zαs − Zαs )1{Zαs −Zαs 6=0},

and (Y α, Zα, Aα) the solution of the reflected BSDE with driver g and obstacle Φ(·,Mα
· ).

Moreover, (Yα,Zα,Aα,Kα)α∈A0 ∈ S2×H2× (K2)2 is the unique family satisfying (3.40)−
(3.44).

Proof. First note that for (α, τ) ∈ A0 × T0, we have A α′
· = A α

· on [[0, τ ]] for α′ ∈ A α
τ .

The definition of Yα implies that Yα1[0,τ ] = Yα′1[0,τ ] for α′ ∈ A α
τ . Fix τ ∈ T0 and α ∈ A0.

By Theorem 3.8, we get that the process Yα· is a RCLL Y g,α-submartingale, and therefore

we can apply the Y g,α-Doob-Meyer decomposition provided in Theorem 2.9 and obtain the

existence of (Zα,Aα,Kα) ∈ H2 × (K2)2 such that, for t ∈ [0, T ],
Yαt = Φ(T,Mα

T ) +

∫ T

t
g(s,Yαs ,Zαs )ds+AαT −Aαt −KαT +Kαt −

∫ T

t
Zαs dWs;

Yαt ≥ Φ(t,Mα
t ) a.s. ;∫ T

0
(Yαs− − Φ(s−,Mα

s−))dAαs = 0; dAαs ⊥ dKαs .

By the uniqueness of the representation of a semimartingale and since the measures dAα

and dKα (resp. dAᾱ and dKᾱ, for all ᾱ ∈ A α
τ ) are mutually singular, we derive that

(Yα,Zα,Kα,Aα)1[[0,τ ]] = (Y ᾱ,Z ᾱ,Kᾱ,Aᾱ)1[[0,τ ]], ∀ᾱ ∈ A α
τ . It remains to show the mini-

mality condition (3.43).

To do so, let us first consider an arbitrary control ᾱ ∈ A α
τ and (Y ᾱ, Zᾱ, Aᾱ) the solution

of the following reflected BSDE:
Y ᾱ
t = Φ(T,M ᾱ

T ) +

∫ T

t
g(s, Y ᾱ

s , Z
ᾱ
s )ds−

∫ T

t
Zᾱs dWs +AᾱT −Aᾱt ;

Y ᾱ
t ≥ Φ(t,M ᾱ

t ) a.s. 0 ≤ t ≤ T ;∫ T

0
(Y ᾱ
s− − Φ(s−,M ᾱ

s−))dAᾱs = 0.

Using a classical linearization procedure, we obtain:

Y ᾱ
τ − Y ᾱτ = Eτ [

∫ T

τ
exp(δτ,ᾱs )(dAᾱs − dAᾱs + dKᾱs )] a.s. (3.45)

We take now the ess inf on ᾱ ∈ A α
τ and using the definition of the value function Yα and

the fact that Yα1[0,τ ] = Y ᾱ1[0,τ ] for ᾱ ∈ A α
τ , the minimality condition follows.

We now show the uniqueness of the family. Let (Ỹ α, Z̃α, K̃α, Ãα) be a solution of (3.40)-

(3.44). Fix τ ∈ T0 and ᾱ ∈ A α
τ and denote by (Y ᾱ, Zᾱ, Aᾱ) the solution of the reflected
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BSDE with driver g and obstacle Φ(·,M ᾱ
· ). By using the same linearization procedure, we

obtain

Y ᾱ
τ − Ỹ ᾱ

τ = E[

∫ T

τ
exp(δτ,ᾱs )d(Aᾱs − Ãᾱs + K̃ᾱ

s )] a.s. (3.46)

The minimality condition (3.43), together with (3.44) and the definition of Yα imply that

Ỹ α
τ = Yατ a.s. By the uniqueness of the representation of a semimartingale and since the

measures dAα and dKα (resp. dÃᾱ and dK̃ᾱ) are mutually singular, we get the uniquness

result. �

Remark 3.3 Since the process Aα−Aα +Kα is in general not non-decreasing, notice that

we cannot derive a formulation only involving Aα, Aα and Kα, as for non-reflected BSDEs

with weak terminal condition. We point out that in the case whenever Φ = −∞ implying

no reflection, the processes Aα and Aα become 0 for all α ∈ A0. Hence, the minimality

condition is indeed equivalent to

ess inf
α′∈A α

τ

Eτ
[
Kα′T −Kα

′
τ

]
= 0 a.s. (3.47)

corresponding to the minimality condition presented in Bouchard et al. [3] for BSDEs with

weak terminal condition and in Soner et al. [22] for second order BSDEs.

The need to depart from the ”standard” minimality condition has also been pointed out

in Matoussi et al. [16], when dealing with second order reflected BSDEs, as well as in

Popier et al. [21], when dealing with 2BSDEs under a monotonicity condition.

4 Appendix

BSDEs with weak constraints and a related game problem In this section, we

study a related game problem. We show that, given a threshold process (Mα
t ), the minimal

initial process Yα corresponds to the value of an optimal stopping problem. More pre-

cisely, we provide some conditions under which one can interchange the inf and the sup and

deduce the existence of a saddle point. This problem is in general non-trivial, and the addi-

tional complexity in our case is due to the presence of the control α in the obstacle Φ(t,Mα
t ).

Let S ∈ T0 and α ∈ A0. Define the first value function at time S by

Yα(S) := ess inf
α′∈A α

S

ess sup
τ∈TS

EgS,τ [Φ(τ,Mα
′

τ )]. (4.48)

and the second value function at time S by

Yα(S) := ess sup
τ∈TS

ess inf
α′∈A α

S

EgS,τ [Φ(τ,Mα
′

τ )]. (4.49)

By definition, we say that there exists a value function at time S for the game problem if

Yα(S) = Yα(S) a.s.

We recall the definition of a S−saddle point.
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Definition 4.1 (S-saddle point) Let S ∈ T0. A pair (τ∗S , α
∗
S) ∈ TS × A α

S is called a

S-saddle point if

(i) Yα(S) = Yα(S) a.s.

(ii) The essential infimum in (4.48) is attained at α∗S

(iii) The essential supremum in (4.49) is attained at τ∗S.

In order to prove the existence of a S-saddle point, we need to make the following

convexity assumption on the driver.

Assumption 4.4 For all (λ,m1,m2, t, y1, y2, z1, z2) ∈ [0, 1]× [0, 1]2 × [0, T ]×R2 × (Rd)2,

g(t, λy1 + (1− λ)y2, λz1 + (1− λ)z2) ≤ λg(t, y1, z1) + (1− λ)g(t, y2, z2) a.s.

Let us now give the main result of this section.

Theorem 4.2 1. Assume that g(t, ω, y, z) ≥ 0, for all (t, ω, y, z) ∈ [0, T ]×Ω×R×Rd and

suppose that Φ is non-decreasing with respect to t and convex with respect to m. Then the

game problem admits a value function, that is

Yα(S) = Yα(S) a.s., for all S ∈ T0. (4.50)

2. Assume that g(t, ω, y, z) ≤ 0, for all (t, ω, y, z) ∈ [0, T ] × Ω ×R ×Rd and suppose

that Φ is non-increasing with respect to t and concave with respect to m. Then the game

problem admits a value function, that is

Yα(S) = Yα(S) a.s., for all S ∈ T0. (4.51)

3. Under Assumption 4.4, that is, g is convex with respect to (y, z), there exists a

S-saddle point for the game problem (4.48)− (4.49) in the sense of Definition 4.1.

Proof. 1. Fix S ∈ T0. First note that

ess sup
θ∈TS

ess inf
α′∈A α

S

EgS,θ
[
Φ(θ,Mα′

θ )]
]
≤ ess inf

α′∈A α
S

ess sup
θ∈TS

EgS,θ
[
Φ(θ,Mα′

θ )
]

a.s.

It remains to show the converse inequality.

Fix θ ∈ TS and α′ ∈ A α
S . By the flow property for nonlinear BSDEs, we get

EgS,T [Φ(T,Mα′
T )] = EgS,θ[E

g
θ,T [Φ(T,Mα′

T )]] a.s.

Applying the comparison theorem for BSDEs and using the assumption on the driver g, we

derive

EgS,θ
[
Egθ,T [Φ(T,Mα′

T )]
]
≥ EgS,θ

[
E[Φ(T,Mα′

T )|Fθ]
]

a.s. (4.52)

The above relation, together with the properties of the map Φ and the conditional Jensen

inequality implies that

EgS,θ
[
E[Φ(T,Mα′

T )|Fθ]
]
≥ EgS,θ

[
E[Φ(θ,Mα′

T )|Fθ]
]
≥ EgS,θ

[
Φ(θ,E[Mα′

T |Fθ])
]

a.s. (4.53)

21



The martingale property of Mα′ implies that

EgS,θ
[
Φ(θ,E[Mα′

T |Fθ])
]

= EgS,θ
[
Φ(θ,Mα′

θ )
]

a.s. (4.54)

Combining (4.53) and (4.54), we get

EgS,T
[
Φ(T,Mα′

T )]
]
≥ EgS,θ

[
Φ(θ,Mα′

θ )
]

a.s.

By taking first the essential supremum on θ ∈ TS and then the essential infimum on

α′ ∈ A α
S , it follows that

ess inf
α′∈A α

S

EgS,T [Φ(T,Mα′
T )] ≥ ess inf

α′∈A α
S

ess sup
θ∈TS

EgS,θ
[
Φ(θ,Mα′

θ )
]

a.s.

Besides, we clearly have

ess inf
α′∈A α

S

EgS,T [Φ(T,Mα′
T )] ≤ ess sup

θ∈TS
ess inf
α′∈A α

S

EgS,θ[Φ(θ,Mα′
θ )] a.s.

The last two inequalities allow to derive

ess sup
θ∈TS

ess inf
α′∈A α

S

EgS,θ
[
Φ(θ,Mα′

θ )]
]
≥ ess inf

α∈A α
S

ess sup
θ∈TS

EgS,θ
[
Φ(θ,Mα′

θ )
]

a.s.

and (4.50) follows.

2. The proof of this point follows similar ideas as in the previous proof. For sake of

clarity, we provide it below. Fix S ∈ T0. Notice that

ess sup
θ∈TS

ess inf
α′∈A α

S

EgS,θ
[
Φ(θ,Mα′

θ )
]
≤ ess inf

α′∈A α
S

ess sup
θ∈TS

EgS,θ
[
Φ(θ,Mα′

θ )
]

a.s.

Let us show the converse inequality.

Fix ϑ ∈ TS and α′ ∈ A α
S . By the martingale property of Mα′ , we deduce

EgS,S [Φ(S,Mα′
S )] = EgS,S [Φ(S,E[Mα′

ϑ |FS ])] a.s. (4.55)

Using (4.55), the properties of the function Φ and the conditional Jensen inequality, we

derive

EgS,S [Φ(S,Mα′
S )] ≥ EgS,S [E[Φ(ϑ,Mα′

ϑ )|FS ]] a.s.

The assumption on the driver g and the comparison theorem for BSDEs lead to

EgS,S [E[Φ(ϑ,Mα′
ϑ )|FS ]] ≥ EgS,ϑ[Φ(ϑ,Mα

ϑ )] a.s.

By arbitrariness of ϑ ∈ TS , we have

EgS,S [Φ(S,Mα′
S )] ≥ ess sup

ϑ∈TS
EgS,ϑ[Φ(ϑ,Mα′

ϑ )] a.s.

Since the above inequality holds for any α′ ∈ A α
S , we obtain

ess inf
α′∈A α

S

EgS,S [Φ(S,Mα′
S )] ≥ ess inf

α′∈A α
S

ess sup
ϑ∈TS

EgS,ϑ[Φ(ϑ,Mα′
ϑ )] a.s.
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Since S ∈ TS we deduce that

ess inf
α′∈A α

S

EgS,S [Φ(S,Mα′
S )] ≤ ess sup

ϑ∈TS
ess inf
α′∈A α

S

EgS,ϑ[Φ(ϑ,Mα′
ϑ )] a.s.

From the last two inequalities we deduce

ess sup
ϑ∈TS

ess inf
α′∈A α

S

EgS,ϑ
[
Φ(ϑ,Mα′

ϑ )]
]
≥ ess inf

α′∈A α
S

EgS,S [Φ(S,Mα′
S )] ≥ ess inf

α′∈A α
S

ess sup
ϑ∈TS

EgS,ϑ [Φ(ϑ,Mα
ϑ )] a.s.

The expected result (4.51) follows.

3. We now show the existence of a S-saddle point, under the additional assumption

that g is convex with respect to (y, z), that is, Assumption 4.4 holds.

We start by proving the existence of an optimal control for the problem (4.48). By

Lemma 3.6 , there exists a sequence of controls (αn)n belonging to A α
S such that

Yα(S) = lim
n→∞

↓ ess sup
θ∈TS

EgS,θ[Φ(θ,Mαn

θ )] a.s. (4.56)

As the sequence (Mαn

T )n is bounded in [0, 1], one can find sequences of nonnegative real

numbers (λni )i≥n with
∑

i≥n λ
n
i = 1, such that only a finite number of λni ’s do not vanish,

for each n, and such that the sequence of convex combinations (M̃n
T )n given by

M̃n
T :=

∑
i≥n

λniM
αi

T

converges a.s. to some M̄T . By dominated convergence, the convergence holds in L2, in

particular E[M̄T ] = m0 and the martingale representation theorem gives the existence of

a control ᾱ such that M̄T = Mm0,ᾱ
T . Let us define M̄t := Et[M̄T ] = Mm0,ᾱ

t . By the def-

inition of (M̃n
t ) and the fact that (Mαn

t )n are martingales, we obtain that, for all θ ∈ TS ,

M̃n
θ =

∑
i≥n λ

n
iM

αi

θ a.s., in particular, M̃n
S =

∑
i≥n λ

n
iM

αi

S = Mα
S , because (αn)n belongs

to A α
S . Thus, by the L2 convergence, we have that ᾱ ∈ A α

S .

Moreover, since Φ and g are convex, we have∑
i≥n

λni E
g
τ,θ[Φ(θ,Mαi

θ )] ≥ Egτ,θ[Φ(θ, M̃n
θ )] a.s.

We thus obtain

Yn(S) :=
∑
i≥n

λni ess sup
θ∈TS

EgS,θ[Φ(θ,Mαi

θ )]

≥ ess sup
θ∈TS

∑
i≥n

λni E
g
S,θ[Φ(θ,Mαi

θ )]

 ≥ ess sup
θ∈TS

EgS,θ[Φ(θ, M̃n
θ )] a.s. (4.57)

Then (4.56) implies that Yn(S)→ Yα(S) a.s.

Let us now show that

ess sup
θ∈TS

EgS,θ[Φ(θ, M̃n
θ )]→ ess sup

θ∈TS
EgS,θ[Φ(θ, M̄θ)] a.s. (4.58)
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The a priori estimates on BSDEs give:∣∣∣∣∣ess sup
θ∈TS

EgS,θ[Φ(θ, M̃n
θ )]− ess sup

θ∈TS
EgS,θ[Φ(θ, M̄θ)]

∣∣∣∣∣ ≤ ess sup
θ∈TS

∣∣∣EgS,θ[Φ(θ, M̃n
θ )]− EgS,θ[Φ(θ, M̄θ)]

∣∣∣
≤ Cess sup

θ∈TS
ES
[(

Φ(θ, M̃n
θ )− Φ(θ, M̄θ)

)2
] 1

2

≤ CES

[
sup

0≤t≤T

(
Φ(t, M̃n

t )− Φ(t, M̄t)
)2
] 1

2

a.s.,

with C a constant depending on T and the Lipschitz constant of the driver g.

The Doob maximal inequality together with the uniform continuity of Φ with respect

to t and m imply the convergence to 0, up to a subsequence, of the RHS term of the above

inequality. Hence, we obtain (4.58). From (4.57) and (4.58), we derive that

Yα(S) ≥ ess sup
θ∈TS

EgS,θ[Φ(θ, M̄θ)] a.s.,

thus ᾱ is an optimal control by the definition of Yα(S). �

Remark 4.4 We emphasize that the above results still hold under different assumptions

on the map Φ. Indeed, in the case of a positive driver g, one could consider the function

Φ of the form Φ(t, ω,m) = m + h(Xt), with X a submartingale process and h a convex

function. In the case of a negative driver g, the proof still works for a function Φ of the

form Φ(t, ω,m) = m+ h(Xt), with X a supermartingale process and h a concave function.

We can now conclude that, under Assumption 1 of Theorem 4.2 and Assumption 4.4,

the pair (T, ᾱ) is a S-saddle point. Under Assumption 2 of Theorem 4.2 and Assumption

4.4, the pair (S, ᾱ) is a S-saddle point.

We also easily observe that the existence of the value function of the game implies that

we have the following representation of the minimal process Yα.

Corollary 4.1 Fix θ ∈ T0 and α ∈ A0. Then Yαθ corresponds to the value of the following

optimal stopping problem

Yαθ = ess sup
τ∈Tθ

Xα,τθ a.s., (4.59)

where Xα,τθ corresponds to the minimal θ-initial supersolution of the BSDE with weak ter-

minal condition at time τ .
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ollement et d’interpolation en théorie des processus. In Seminar on Probability, XVI,

vol. 920 of Lecture Notes in Math. Springer, Berlin, 1982, pp. 298–313.

[9] Dellacherie, C., and Meyer, P. Probabilités et potentiel. chap v-viii. Herman,

Paris (1980).

[10] Drapeau, S., Heyne, G., and Kupper, M. Minimal supersolutions of convex

BSDEs. The Annals of Probability 41, 6 (2013), 3973 – 4001.

[11] Dumitrescu, R. Bsdes with nonlinear weak terminal condition. Preprint

arXiv:1602.00321 (2016).

[12] Dumitrescu, R., Quenez, M.-C., and Sulem, A. A weak dynamic program-

ming principle for combined optimal stopping/stochastic control with Ef -expectations.

SIAM J. Control Optim. 54, 4 (2016), 2090–2115.

[13] Grigorova, M., Imkeller, P., Offen, E., Ouknine, Y., and Quenez, M.-

C. Doubly reflected bsdes and ef-dynkin games: beyond the right-continuous case.

Electron. J. Probab. 23, 122 (2018), 1–38.

[14] Heyne, G., Kupper, M., and Mainberger, C. Minimal supersolutions of BSDEs

with lower semicontinuous generators. Annales de l’Institut Henri Poincaré, Proba-
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